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Abstract. In this paper we introduce the notion of a 'generalised' co-slicing of 
, a triangulated category. This generalises the theory of co-stability conditions in a 

' manner analogous to the way in which Gorodentsev, Kuleshov and Rudakov's t- 

stabilities generalise Bridgeland's theory of stability conditions. As an application of 
q_) ' this notion, we use a complete classification of 'generalised' co-slicings in the bounded 

^"*^ , derived category of the Kronecker algebra, D h (KQ), to obtain a classification of co- 

t-structures in D b (KQ). This is then used to compute the co-stability manifold of 
D b (KQ). 
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Co-stability conditions were introduced in [10] as a natural analogue of Bridgeland's 
stability conditions, which first appeared in [6j. Their introduction was motivated by 
two guiding principles: firstly, stability conditions may be considered as a continuous 
generalisation of bounded t-structures, and the theory of t-structures has a natural 
counterpart in the theory of co-t-structures, so a theory of co-stability conditions 
should also be a natural object of study. Secondly, and more concretely, there are 
mainstream examples of triangulated categories with no bounded t-structures (and 
■ hence no stability conditions) that do have bounded co-t-structures (and hence do 

(sj | have co-stability conditions); see [9j, for instance. 

However, computation of examples of stability conditions is an important and 
challenging problem. The difficulty of this problem led Gorodentsev, Kuleshov and 
Rudakov, see [7J, to introduce a generalisation of Bridgeland's notion omitting the 
requirement for a stability function, which they called 't-stabilities'. One of the trade- 
offs they required was losing the complex manifold structure which was a central result 
of [BJ. This approach yields a different perspective on the theory of stability condi- 
tions, and as an application Gorodentsev, Kuleshov and Rudakov were able to give 
a classification of the bounded t-structures in the bounded derived category of the 
Kronecker algebra. 

It is natural to ask whether there is a corresponding theory of 'co-t-stabilites' which 
generalises the co-stability conditions of [10] in a manner analogous to that in which 
[7J generalises [Bj. Indeed, there is such a theory, and as an application we are able to 
classify all co-t-structures in the bounded derived category of the Kronecker algebra 
and then compute the co-stability manifold. 

The results of this paper can be split up into two parts. The first part, consisting 
of sections [U [2] and [3] is formal homological algebra and works in any triangulated 
category T (in section [3] we also insist that T is Krull- Schmidt). Aside from section [3] 
this part is a formal analogue of the theory on t-stabilities appearing in [7J . 
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The second part applies this theory to a concrete example, namely the Kronecker 
algebra. This well-understood example has the benefit of being the simplest example 
of interest both to representation theorists and geometers, by the Beilinson derived 
equivalence of the bounded derived categories of modules over the Kronecker algebra 
and coherent sheaves over the projective line; see [I]. 

Let K be an algebraically closed field and Q be the Kronecker quiver \ 1 . We 
denote by D 6 (KQ) the bounded derived category of finitely generated left KQ-modules. 
The main results of the second part of this paper can be summarised as follows: 

Theorem A. Up to an automorphism ofD b (KQ), there are four families of non-trivial 
co-t- structures in D b (KQ): a family of bounded co-t- structures, a family of bounded 
below co-t- structures, a family of bounded above co-t- structures and a family of stable 
co-t- structures (= stable t- structures). 

This information can then be used to prove the following theorem: 

Theorem B. The co-stability manifold of the bounded derived category of the Kro- 
necker algebra, Costa b{D b {KQ)), is homeomorphic to Z copies ofC 2 . 

Note that this means we have an example of a triangulated category whose stabil- 
ity and co-stability manifolds are non-trivial. The stability manifold of D b (KQ) was 
computed to be C 2 by Okada in [13] . 

Organisation of the paper. Sections [T] and [2] introduce the formalism of generalised 
co-slicings, outline some of their basic properties and explain how to compare co- 
slicings. Section H] closely follows [7], and only minimal details will be presented in 
the proofs. Section [3] examines co-slicings induced by unbounded co-t-structures; the 
result of this section suggests this warrants further investigation. 

Section H] gives a very quick recapitulation of the representation theory of D b (KQ), 
which will be required later. In Section [5] we outline the construction of certain spe- 
cial kinds of co-slicings, which correspond to the 'exceptional stabilities' of [7|. Note 
an important difference here: there are no analogues of 'standard stabilities'. This 
fact explains why the co-stability manifold decomposes into Z components while the 
stabilty manifold does not. 

Section [H] gives the classification of generalised co-slicings in D b (KQ). This section 
takes a substantially different approach to [7J . In Section [7J the resulting classification 
of generalised co-slicings of D b (KQ) is re-organised to give a proof of Theorem A. 
Section [8] gives a proof of Theorem B. 

Notation. Categories will be denoted by Sans Serif letters, and objects in categories 
by lower case Roman letters in the abstract part of the paper (Sections [TJ [2] and [3]). 
In the remainder, we return to classic notation with modules and complexes being 
denoted by upper case Roman letters. 

We always assume that subcategories are closed under isomorphisms; that is, if a is 
an object of a subcategory and a = a' in the ambient category, then a' is also in the 
subcategory. In particular, each of the closure operations we apply to obtain subcat- 
egories is to be understood as producing subcategories closed under isomorphisms. 

Note that in a triangulated category, we will sometimes write a distinguished triangle 
x — > y — > z — > Sx as 



where the wiggly arrow z - - *- x stands for the arrow of degree one z — > Sx. 



x 




z 
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Recall also that in the distinguished triangle x — > y — z — > Sx, the object z 
is called the cone of the morphism / and the object x is called the co-cone of the 
morphism g; both are unique up to a non-unique isomorphism. 

Let S be a subcategory of a triangulated category T. We say that S is extension 
closed if given a distinguished triangle s' — > s — > s" — > Ss' with s' and s" objects of S, 
then s is also an object of S. 

1. CO-t-STRUCTURES AND GENERALISED CO-SLICINGS 

Throughout Sections [1] and El T will be an essentially small triangulated category 
with suspension functor E: T — > T. 

In this section we introduce the basic notions of co-t-structures and generalised 
co-slicings and give some canonical examples. The following definition is due, inde- 
pendently, to [TU Definition 2.4] and jS] Definition 1.1.1]. In [5], co-t-structures are 
called 'weight structures'. 

Definition 1.1. A co-t- structure in T is a pair (A, B) of full subcategories of T which 
are closed under direct sums and direct summands satisfying the following conditions: 

(1) E^A C A and SB C B; 

(2) Hom T (a, b) = for all a G A and b G B; 

(3) For each object t 6 T, there exists a distinguished triangle 

a — > t — > b — > Ha 

with a G A and 6 6 B. 

The co-heart of (A, B) is C := A fl E _1 B. Note that C is not necessarily an abelian 
category, and when it is, it is semisimple. 

Definition 1.2. A co-t-structure (A, B) is called bounded below if T = |J ieZ E l A. It 
is called bounded above if T = [J i&z S l B. If it is both bounded above and below, it is 
called bounded. 

The following definition is the mirror image of Definition 2.4] and is a general- 
isation of PHI Definition 5.3] in the sense that a co-stability function on A satisfying 
the split Harder-Narasimhan property induces the following split-stability data on A. 

Definition 1.3. Let A be an additive category. A pair ($, {=2(<^) | G $}) consisting 
of 

(i) a linearly ordered set and, 

(ii) for each ip G $, a full subcategory J2((p) C A which is closed under direct 
summands and direct sums; 

is called split-stability data if it satisfies the following conditions: 

(1) If <fx < (f 2 then Hom A («0M,«S(y> 2 )) = 0; 

(2) Each object ^ a G A decomposes as a = a% © a 2 © • • • © a n with a* G £(<Pi) 
and ip i < if>2 < ■ ■ ■ < fn- Such a decomposition will be referred to as a split 
Harder-Narasimhan filtration. 

Definition 1.4. A pair ($, {=2(y?) | f G $}) consisting of 

(i) a linearly ordered set <3>; and, 

(ii) for each if G $, a full subcategory J2((p) C T which is closed under direct 
summands and extensions; 

is called a (generalised) co-slicing of T if it satisfies the following conditions: 
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(1) There is an automorphism of ordered sets A : $ — > $ such that \(<p) ^ <p an d 
E£(<p) = £(\(<p)) for all 

(2) If <p x < p 2 then Hom T («S(^i), «S(^ 2 )) = 0; 

(3) Each object O^tGT sits in a tower 




qi <?2 g« 



with ^ qi E J2((fi) and <pi < (p% < ■ ■ ■ < p n . 

We shall often refer to the tower of triangles in Definition 11.4( 3) as a Harder- 
Narasimhan (HN) filtration of t. The full subcategories £!((p) for ip G $ will be 
called the co-slices of the co-slicing. Following the terminology of [6] and [7], the 
objects of J2(<p) will be called semistable of phase (p. 

We have the following canonical examples, which can be obtained from naturally 
occurring co-t-structures. 

Example 1.5. Suppose (A, B) is a co-t-structure on a triangulated category T satisfy- 
ing SA = A (and hence SB = B), i.e. it is a stable co-t-structure (= stable t-structure). 
Define a co-slicing ($, {J2(<p) | ip G $}) by 

• $ = {0,1} with < 1; 

• ^(0) = A and = B; 

• A(0) = and A(l) = 1. 

Example 1.6. Suppose (A, B) is a bounded co-t-structure on a triangulated category 
T. We can define a co-slicing ($, {J2(ip) \ <p G $}) on T by 

• $ = Z with the standard linear ordering; 

• \(ip) = <p + 1 for each ip G Z; 

• «0(y>) = S^C, where C = Afl S _1 B is the co-heart of (A, B). 

Example 1.7. Suppose J2 is a co-slicing of T in the sense of [10J Definition 3.1]. Then 
the pair (J2(</j), M) is a generalised co-slicing with A : K — ?• R given by </? i— >• + 1. 

This last example justifies the terminology 'generalised co-slicing'. In what follows 
we will often omit the adjective 'generalised' so that co-slicing refers to the concept 
defined in Definition 11.41 rather than that defined in [TUl Definition 3.1]. In a similar 
vein, the stability data of [7] will be referred to as (generalised) slicings. 

Remark 1.8. Example ll.6l is essentially [3 Proposition 1.5.6]. Note that in [61 Propo- 
sition 5.3], one has a bijective correspondence between bounded t-structures in a tri- 
angulated category T with a stability function satisfying the HN property on its heart 
and stability conditions on T. However, the example of a stable (co)-t-structure shows 
that one does not need a bounded (co)-t-structure to obtain a (generalised) (co)-slicing. 

Before we leave the basic definitions, let us first recall the notion of silting. The 
terminology is originally due to [llj . however, the usage of the terminology in this 
article is drawn from pp. 

Definitions 1.9. Suppose S is a subcategory of a triangulated category T. 

(1) The subcategory S is called a partial silting subcategory if Hom-r(.s,XV) = for 
all s, s' G S and for all i > 0. 

(2) The subcategory S is called a silting subcategory if it is a partial silting subcategory 
and the smallest thick subcategory of T containing S is T, i.e. thickj(S) = T. 
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2. Basic properties of co-slicings 

In this section we collect some formal properties of co-slicings. Besides Proposi- 
tion all the properties are analogous to the formal properties of slicings in [TJ. 
Thus we give very little detail in the proofs and include this section for the sake of 
completeness. 

Proposition 2.1. Suppose ($, {J2(ip) \ (p G $}) is a co-slicing of a triangulated cat- 
egory T. Then a co-slice J2(<p) for (p G $ is either stable under suspensions (and 
desuspensions) or is partial silting. 

In particular, if a co-slice £!(ip) of a co-slicing (<3>, {J2((p) \ <p G $}) of J is not stable 
under suspensions, then the extensions in J2((p) are split. 

Proof. Consider a co-slice J2((f) of ($, {J2(<p) | <p G $}). If Hom T (g, E n q') = for all 
q, q' G J2(<p) and all n > 0, then i2(y?) is partial silting. So suppose Hom-r((7, T, n q') ^ 
for some q, q' G =2(y?) and n > 0. Then Definition 11.4( 2) implies that ip ^ \ n ((p). 
Definition 11.4( 1) gives a chain of inequalities: 

<p ^ X n (ip) ^ \ n -\<f) > - ^ \{<p) > (p. 

Hence \{<p) = <p and HJ2((p) = J2(ip). The second statement is now clear. □ 

The next proposition indicates how to combine a bounded co-t-structure with split- 
stability data on its co-heart. 

Proposition 2.2. Let T be a triangulated category with a bounded co-t-structure 
(A, B). Suppose we are given split- stability data (<p) \ (p G $}) on the co-heart 

C. We can define a co-slicing of J by \ if) G ^}) by 

• f = Z x with lexicographical ordering on 

• £!((n,(p)) = Y, n M(^) for each (n,<p) G 

Proof. The proof is straightforward and analogous to that in [7, Proposition 3.4]: one 
simply checks the axioms in turn. The only not-so-obvious part is the existence of 
Harder- Narasimhan nitrations, so we give a sketch: Example 11.61 means that given 
^ t G T, we can write down a tower 

(1) = to *■ ti *■ ti • • • t n -.x " t n = t 




cx c 2 c n -x c n 



with Cj G S fej C and k\ < k 2 < ■ ■ ■ < k n (in Z). Since ($, {&{<p) \ <p G $}) is split- 
stability data on the co-heart C, the objects S _fcj Cj have split HN nitrations 

TT^Cj = E~*' (r) © r) © ■ ■ • © r™ J ) 

with Yr k 'r l j G &((p l j) and </?] < </?| < • • • < ip™ 3 . Such a direct sum decomposition 
gives rise to a tower of split triangles: 




with r] G YpiM^j) = J2((kj,(p l j)) and <p j < </?| < • • • < One can then glue 

together towers ([I]) and (jSJ) using [TJ Proposition 4.3]. □ 
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Corollary 2.3. Split- stability data ($, {J2(p) \ p G $}) on an additive category A 
induces a co-slicing (Z x $, {J] n £?((p) \(n,(p) G Z x $}) on t/ie bounded homotopy 
category K b (A) o/A. 

Lemma 2.4. Suppose ($, {J2((p) \ ip G $}) a co-slicing of a triangulated category T 
and that the linearly ordered set $ can be written as a disjoint union $ = $_ U 
wii/i i/je property that 

</?_ G and y? + G $+ ==>- y_ < <p + . 
Then the following pair of subcategories, 

A = ( |J J%))+ and B = ( |J 3(<p)) + , 

where (— ) + indicates closure under extensions and direct summands, defines a co-t- 
structure in T. 

Proof. The subcategories A and B are closed under direct sums and direct summands 
by definition. The inclusion S _1 A C A follows from the fact T,^ 1 ^{p>) = ^(A -1 ((f)) 
and A" 1 ^) ^ p. Similarly for SB C B. The orthogonality Hom T (A, B) = fol- 
lows from Definition 11.4( 2). and the approximation triangle comes from the tower in 
Definition [Dp). □ 

This lemma, and the corollary below, correspond to Bridgeland's observation in [6] 
that a slicing induces a family of 'compatible' t-structures. With this in mind, we 
make the following definition. 

Definition 2.5. We say that the co-t-structure (A, B) obtained in Lemma [2.41 is in- 
duced by ($, {£!(<p) | <p G $}). 

We have the following specialisation of Lemma 12.41 

Corollary 2.6. Suppose ($, {J2((p) \ ip G $}) is a co-slicing of a triangulated category 
T. Then each ^ £^ determines a co-t-structure defined by the subcategories: 

A = ( |J 3(<p))+ and B = ( (J 3(<p))+. 

The following easy lemma is the analogue of the remark after [7J, Corollary 5.2]. In 
[7] , no proof is given, so we give a proof for the convenience of the reader. 

Lemma 2.7. Let ($, {J2(p) \ p G $}) be a co-slicing ofT satisfying the hypotheses of 
Lemma \2.4\ and suppose that (A, B) is the co-t-structure induced by the decomposition 
$ = $_ U $+. Then: 

(i) (A, B) is bounded below if and only if $ = U n >o X n (&-). 

(ii) (A, B) is bounded above if and only if $ = U n >o ^ n (^+)- 

(Hi) (A, B) is bounded if and only if $ = \J n>0 A n ($_) = \J n>0 A~ n ($ + ). 

Proof. We just prove (i), (ii) is proved analogously and (iii) is proved by combining (i) 
and (ii). 

Suppose (A, B) is bounded below, i.e. T = |J ieZ S J A. Now consider ip G Then 
we have £?(p) Q B. Now given q G =S(y?) there exists n > such that q G E n A 
since (A, B) is bounded below, and hence, £ -n g G A. But £ _ri g is semistable with 
respect to ($, {J2(<p) \ <p G $}) so that there exists y?_ G <3>_ such that £~ n g G J2(</?_). 
It follows that g G E n ^(</?_) = ^(A n (</?_)), in which case = ^(A n (^_)) and 

we obtain ip = X n (<p_). Thus we have $ + C |J n>0 A™($_) and so it follows that 
$ = UooA n (<&-)- 
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Conversely, suppose $ = [J n ^ A n ($_) an d suppose ^ t G T. Then, 
($, {i?(<^) | ip G $}) is a co-slicing we obtain an HN filtration: 



since 








q n -i 




with 7^ qi G J2((Pi) and <£>i < <£> 2 < ■ ■ • < (p n . If all ^ G then i G A and we 

are done. If all p>i G $+ then there exist > so that (pi = \ ni (ipi) with ip^ G $ 

Taking n = max{nj} gives G S n A for each i. Then extension closure of E n A gives 
that t G S n A. If we have some (pi in $ + and some in then a similar argument also 
works. Hence we obtain T = IJngz ^ n A, as required. □ 

Like in the case of slicings in [7J, certain co-slicings induce the same co-t-structures 
as others. In a manner analogous to the partial order on the set of slicings on a 
triangulated category given in [7], we define a partial order on the set of co-slicings. 
We first need another technical definition. 

Definition 2.8. A co-slicing ($, {J2((p) | ip G $}) will be called essential if each of its 
co-slices J2(p) is non-zero. 

Definition 2.9 (Definition 5.3 in [7]). Let ($, {£(<p) \ <p> G $}) and (^, \ ip G 

^j) be co-slicings of a triangulated category T. Denote the corresponding automor- 
phisms of linearly ordered sets by A : $ — > $ and \l : ^ — > ^, respectively. We say 
that $ is finer than \l/ (or \l/ is coarser than $) if there exists a surjection r : $ — )■ \& 
such that 

(1) r o A = fi o r; 

(2) If v?i < V9 2 then r(</?i) ^ r(y2 2 ); 

(3) For all ^ e * we have &(if>) = (U v6r -i W 

Remark 2.10. Given a co-slicing of T, one can always find a finer co-slicing by adding 
zero co-slices. However, this finer co-slicing will contain exactly the same information 
as the one with which we started. 

The following lemma says that when determining which co-t-structures are induced 
by co-slicings, we need only consider the minimal elements with respect to the partial 
order defined above; we shall refer to such co-slicings as minimal co-slicings. 

Lemma 2.11. // the co-slicing (ty,{&(ip) \xp G is coarser than (<&, {&((f) \<p G 
$}), then a co-t- structure in T induced by the co-slicing \ip G \&}) is also 

induced by the co-slicing ($, {J2(<p) \ f> G $}). 



Proof. By Lemma [2 A\ there is a co-t-structure in T defined by 

A* := ( |J ^(^)) + and := ( (J + . 

Since \ ip G is coarser than ($, {J2(p) \ <p G $}), there exists a surjection 

r : $ — > ^ satisfying the conditions of Definition 12.91 Let = r~ l (ip) C $. Now, 
setting = {yj G $ | p G V £ and $ + = {(p G $ | y? G $,/,, ^ G \I> + } and 
writing $ = $_ U $ + , Lemma [231 gives us a co-t-structure defined by: 

A* := ( |J J2(<^))+ and B* := ( |J £(<p)) + . 

Now one simply observes that A* = (Uv,e*_ = (U^ 6 0- =^(v 2 )) + = A <£- 

Similarly, B^, = B$. □ 
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Remark 2.12. Note that for an essential co-slicing ($, {JS(p) | (p G $}) of T, if for 
all (p G $ and all non-zero x,y G =£?(<£>) we have Homj(x,y) ^ and Homj(y,x) ^ 
then ($, {J2((p) | G $}) is minimal amongst the essential co-slicings. 

3. CO-SLICINGS COMING FROM ALMOST SILTING SUBCATEGORIES 

We now examine another type of co-slicing, one which can be obtained from an 
unbounded co-t-structure. 

Definition 3.1. Let T be a Krull-Schmidt triangulated category. A partial silting sub- 
category S of T is called an almost silting subcategory if there exists an indecomposable 
object s of T such that add(S U {s}) is a silting subcategory of T. 

Proposition 3.2. Let T be a Krull-Schmidt triangulated category. Suppose (A, B) 
is a co-t-structure in T whose co-heart C is an almost silting subcategory. Suppose 
s G indT, is a complement for C, i.e. S = add(CU {s}) is a silting subcategory. Then: 

(i) //Hoitit(C, S"s) = for alln ^ then the co-t-structure (A, B) is either bounded 
above or below. Moreover, S fc s G B for some k G Z if and only if H k s G B for 
all k G Z; in this case (A, B) is bounded above. 

(ii) //Homx(s, S n C) = for alln ^ then the co-t-structure (A, B) is either bounded 
above or below. Moreover, Y, k s G A for some k G Z if and only if S fc s G A for 
all k G Z; in this case (A, B) is bounded below. 

Proof. We prove statement (i); the proof for (ii) is analogous. 

Since S is a silting subcategory, it is the co-heart of a bounded co-t-structure (As, B$) 
by [I2J Corollary 5.8]. Hence, by [5] Proposition 1.5.6], each object ^ t sits in a 
tower of distinguished triangles: 

(3) 0£ 




with i\ < i2 < • • ■ < i n and q G C and Si G add(s). Since S is a silting set and 
Hom-|-(C, S n s) = for all n ^ 0, one can apply jTOl Lemmas 7.1 and 7.2] iteratively to 
the tower above to get the following tower of distinguished triangles: 



(4) 








S i2 c 2 




with s' = E h si 



5>s, 



If S fc s G A for some k G Z, then (A, B) is bounded below and there is nothing to 
prove. So assume S fc s ^ A for any k G Z. Let ^ a G A and consider the tower (j2J) 
with t = a. The first n triangles of tower (j3J) is thus an HN filtration of t' n and thus 
we find that t' n G I>A. Using the triangle t' n — > a — » s' — > Et' n , we see that s' G S J A 
where j = max{0,z„ + 1}, which implies s' = 0. Hence, a = t' n G thickj(C), giving 
A C thickj(C). Now [T2], Remark 4.6(b)] implies that (A, B) is bounded above, proving 
the first claim. (Note [121 Theorem 4.5(b)] says thickj(C) = C~, and [12l Remark 
4.6(b)] gives the inclusion A C C~; see [121 Definition 2.2] for a precise description of 
this notation.) 

For the second claim, one direction is clear. For the other, assume that S fc s G B 
for some k G Z. We have thickj(s) C thick-^C)- 1 " by assumption, and for each 7^ 
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t G T, the tower (T4]) gives a decomposition c' — > t — > s' — > Ec' with d G thickj(C) 
and s' G thickj(s). Thus, (thickj(C), thickj(s)) is a stable t-structure in T. Hence, 
thick T (s) = thickT(C)- 1 -. Now, since (A, B) is bounded above, [TJl Remark 4.6(b)] 
implies that A C thickj(C), in which case thickj(s) C B, as required. □ 

Corollary 3.3. Let (A, B) be a co-t- structure in T satisfying the hypotheses of Propo- 
sition WTB . Suppose further that Hom-r(C, E n s) = for alln ^ and (A, B) is bounded 
above. Then the following data define a co-slicing ($, {J2((p) \ if G $}) ofT: 

• $ = Z U {oo} with the standard linear order on Z and n < oo for all n G Z; 

• X(n) = n + 1 for n G Z and A(oo) = oo; 

• B{n) = E n C for n G Z and «0(oo) = f|j eZ ^B. 

Proof. The co-t-structure (A, B) is bounded above, so s G E fc B for some /c G Z. Propo- 
sition Qi) now implies that S fe s G f\ e z E " B for a11 fc e z - 

To obtain the HN filtration of ^ t G T, one can write down a canonical HN 
filtration with respect to the bounded co-t-structure (As, B$) as in ([3]) and then use 
[Till Lemmas 7.1 and 7.2] to obtain the tower (jl]). This tower is now an HN filtration 
for t with respect to the co-slicing described above. □ 

Corollary 3.4. Let (A, B) and ($, {£{<p) \ y? G $}) 6e as in Corollary{£B Let (A n , B n ) 
be the co-t-structure of Corollaru \2.6\ induced by some n G Z C $ . T/ien (A n , B n ) = 
(S n - 1 A,S n - 1 B). 

Proof Suppose n G Z C Then (A„, B„) is given by 

A„ = (|Ji^))+ and B„ = ((|Jj^))UJ2(oo))+ 

i<n i^n 

Now since Bii) C S'C C S n_1 A for all i < n, and A is closed under extensions and 
direct summands, it follows that A n C S n_1 A. Similarly, B„ C T, n ~ 1 B. Thus, by [5, 
Lemma 1.3.8], it follows that A n = E n_1 A and B n = E^B. □ 

Statements analogous to Corollaries 13.31 and 13.41 hold when Hom-r(s, E n C) = for 
n ^ and (A, B) is bounded below. Note that in Corollary I3.4[ if one were to take 
n = oo, the co-t-structure (Aoo, B^) is a stable co-t-structure. 

4. Recapitulation on the Kronecker algebra 

In this section we provide a brief recapitulation of the information we need regarding 
the structure of the bounded derived category of the Kronecker algebra. Background 
information on Auslander-Reiten theory can be found in [2] and [3j. Specific infor- 
mation on the module category of the Kronecker algebra can be found in j3[ Section 
VIII. 7] and pHl Section XI.4]. The standard reference for the derived category of a 
finite-dimensional hereditary algebra is [S]. 

Let IK be an algebraically closed field, and Q be the Kronecker quiver. The path 
algebra WLQ is called the Kronecker algebra. We shall denote by mod(K(5) the category 
of finite dimensional left KQ-modules. The structure of the Auslander-Reiten quiver 
of mod(KQ) is given below: 




postprojectives preinjectives 
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where P(0) and P(l) are the indecomposable projective modules and 1(0) and 1(1) 
are the indecomposable injective modules. The central circle represents the regular 
components, which consists of a P 1 -indexed family of stable homogeneous tubes. 

A result of Happel implies that each object of the derived category D b (KQ) of 
mod(K(5) decomposes as a direct sum of its cohomology; for details see [H Lemma 
1.5.2 and Corollary 1.5.3]. Hence the AR quiver of the derived category can be sketched 
as: 




degree -1 degree degree 1 



In each degree we have indicated the indecomposable projective modules. Sometimes 
it will be useful to use the following notation. 

Notation 4.1. We set 

_ J t~^P(0) if t is even, _ J ril(l) if t is even, 

' = \ t-^P(1) if t is odd, * = \ r^/(0) if t is odd, 

where r is the AR translation of D b (K.Q). Sometimes the following notation will be 
useful: 

/ s- 1 /^ for i <: 0, 
1 ' \ Pi_ x for % > 0. 

This corresponds to considering the 'geometric heart' consisting of coherent sheaves 
on P 1 . Indeed, there is a bijection Ni t— > &(i), where &(i) is the line bundle of degree 
i. The regular modules then correspond to torsion sheaves. This is formalised in the 
Beilinson equivalence [I]. 

The indecomposable objects of D b (KQ) are simply the stalk complexes of inde- 
composable KQ-modules, i.e. indecomposable KQ-modules considered as complexes 
concentrated in one degree. We shall use the following terminology: an indecompos- 
able regular object is simply the stalk complex of an indecomposable regular module; 
analogously for an indecomposable non-regular object. 

We now briefly recall some standard facts about D b (K.Q) that will be useful later. 

Standard facts 4.2. Let R and R' be indecomposable regular objects sitting in 
different tubes of D b (KQ) and Ni be as above. Then 

(1) Hom Db(KQ) ( J R,Si?)=K. 

(2) Hom DHKQ) (R,R') = Hom Db( ^ Q) (R,ZR') = 0. 

(3) Hom&pQ^NuENi-x) = 0. 

If P is an indecomposable postprojective object and I is an indecomposable preinjec- 
tive object sitting in the same degree as R, then: 

(4) There are non-zero maps — > P and P — ^ R. 

(5) There are non-zero maps R — >■ I and I — > Si?. 

The following distinguished triangles are well-known and in geometry they are often 
know as the 'Euler sequence'. They can be computed explicitly by taking projective 
resolutions of the indecomposable modules. 
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Standard triangles 4.3. Denote by R x ^ the indecomposable regular module of reg- 
ular length d ^ 1 indexed by the point x G P 1 . The standard triangles are given 
below: 

P? d -> R x , d -> (SP ) ed -> sp® d , 

P®' -)> P t -> (SPo)®*" 1 ->• EP®*, 
P® s+1 -)• / s -> (SP )® S + 2 -> EP® S+1 , 

where t ^ 2 and s ^ 0. 

Remark 4.4. Note that the cones and co-cones of morphisms in D 6 (KQ) are easily 
computed. For example, if X and Y are objects concentrated in the same degree and 
/ : X — > Y is a morphism, then, since ~KQ is hereditary the cone of / is the object 
coker/ © E(ker/). This, together with the fact there are no morphisms of degree 
higher than one, can be used to compute any cone or co-cone. 

5. Exceptional co-slicings of D b (KQ) 

The category D b (IK(5) is classically generated by the exceptional pairs {N n ,N n+1 } 
for n 6 Z and their suspensions. Without loss of generality, we only explain the 
construction of exceptional co-slicings using the exceptional pair {P ,Pi}; the others 
are obtained analogously. The construction is based on the observation of Proposition 
12.21 and proceeds along the lines of the corresponding construction in [TJ, so we give 
few details. 

We would like to define the co-slicing (S , {.2(e) | e G $}) of D b (KQ) by: 

• S = Z x {0, 1}; 

• =2((n,0)) = add(S n P ) and B((n, 1)) = add(£"Pi). 
We start with the following lemma. 

Lemma 5.1. The only admissible linear orderings of <S = Z x {0,1} with an auto- 
morphism 7] : $ — > $ which is compatible with the suspension applied to the co-slices 
above, i.e. satisfying r/(n, — ) = (n + 1, — ), are given by: 

(1) We have (n, i) < (to, i) for i G {0,1} and n < m, and (n, 1) < (to, 0) for any 
n, m G Z. 

(2) There exists p G N such that 

••• < (n+p-1,1) < (n,0) < (n+p,l) < (n + 1, 0) < (n+p + 1, 1) < (n + 2, 0) < • • • . 

VFe s/mZZ denote the set $ together with one of the possible linear orderings above by 
(o p with p G N U {oo}, where if p G N £/ie linear ordering corresponds to one of those 
occurring in (ii), and p = oo corresponds to the linear ordering given in (i). 

Proof. Definition [T3(l) means that the action of rj is determined by rj((n, i)) = (n+1, i) 
for i G {0, 1}. Since there are non-zero morphisms Pq — > Pi, we must have (n, 1) < 
(n, 0). The determination of rj above means that (n, i) < (to, i) for all integers n < m 
and z G {0, 1}. 

Consider the position of (n + p, 1) for some p G N. Either, there is a p G N such that 
for each n G Z one has (n +p, 1) < (n+ 1, 0) but (n +p + 1, 1) > (n + 1, 0), or there 
is not. In the case that there is no such p, we obtain (n, 1) < (m, 0) for all n, m G Z 
and lie in case (i) of the lemma. In case that there is such a p G N, then one sees that 
this is case (ii) of the lemma. □ 

Proposition 5.2. There are essential co-slicings (£ p , {=2(e) | e G ^}) o/ D fe (KQ) 
indexed by p G N U {oo} defined as follows: 

• S p = Z x {0, 1} ; wi/i t/ie linear order indexed by p and automorphism rj : ^ — > 
<§p given by rj((n, i)) = (n + 1, i) for nfZ and i G {0, 1}. 
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• «2((n,0)) = add(£ n P ) and £{{n, 1)) = add(S n P 1 ). 

Moreover, each ($ p , {<S(e) \ e £ S p }) is a minimal essential co-slicing; see Remark 

urn 

Proof. We only need to obtain Harder- Narasimhan nitrations. Consider an indecom- 
posable object X in degree n. Transitivity of the linear order means that we require 
(n, 1) < (n + 1, 0). Consider the distinguished triangle, 

(5) 



where a, 6 ^ are chosen so that ([5]) is one of the Standard Triangles 14.31 This can 
then be re-written into the form of an HN filtration: 




(S" +1 P ) 



Now, for X not indecomposable, [10J Lemmas 7.1 and 7.2] permit the necessary re- 
ordering of HN quotients in order to correspond with the linear order on the co- 
slices. □ 

Example 5.3. Note that the behaviour of HN nitrations in the co-slicing setting is 
different from that for slicings. In particular, HN nitrations here are not necessarily 
unique. As a concrete example, taking X = R Xj i, we get the following 'non-canonical' 
HN filtration of R x i in addition to the one described above: 




Mirroring the terminology of [7j, we shall call the co-slicings of Proposition 15.21 
exceptional co-slicings. Note the absence of a co-slicing mirror image of the 'standard 
slicings' of [7] ; this is explained below in Proposition 16.21 

6. Classification of co-slicings of D b (KQ) 

In this section we obtain the classification of co-slicings of D b (KQ) analogous to that 
of slicings in [TJ. Note that here the proof differs significantly from that in [TJ. We 
start by making the following definition. 

Definition 6.1. Let ($, {J2(p) \ (p £ $}) be a co-slicing of a triangulated category T. 
It is called a trivial co-slicing if there exists (p £ $ such that £!((p) = T. 

Proposition 6.2. Suppose ($, {£?((p) \ (p £ $}) is a non-trivial co-slicing of D b (KQ) 
with automorphism A : $ — > $. An indecomposable regular object of D b (KQ) is not 
semistable with respect to ($, {=2(y?) | y? £ $}). 

Proof. Suppose that an indecomposable regular object R is semistable of phase <p, 
i.e. R £ J2((p). Assume also that, considered as a KQ-module, R has regular length 
d £ N. From Standard Facts we have Hom Db(IIC Q ) (P, SP) = Ext^g^P) = K. 
Hence, we have ip ^ A (<p). By Definition 11.4( 1). we have p ^ A (<p), so that p = X(p). 
In particular, S n P £ J2(p>) for all n £ Z so that is not partial silting. Thus, by 

Proposition 12.11 we get J2(p>) = £i2(<^). 
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Consider an indecomposable non-regular object N t for t E Z. If N t G =2(y?) then 
E n iV t G ^(y?) f° r all n G Z since =2(y?) = Ei2(y?). By taking the appropriate 
(de) suspension of N t and re-labelling so that N t and R sit in the same degree, we 
obtain the following standard triangle: N® d — > iV t ®^ — > R — > EiV® d . By closure under 
extensions and direct summands we find that Nt+i G =2(y?). Extension closure now 
gives that each indecomposable non- regular object belongs to the co-slice =S(y?), so 
that ($, {J2(ip) | (p G $}) is a trivial co-slicing of D h {KQ)\ a contradiction. Therefore, 
in this case, an indecomposable non-regular object cannot be semistable. 

Hence, we must have that the co-slices of ($, {=S(y?) | y? G $}) consist of only regu- 
lar objects. The regular components of a representation-tame hereditary algebra are 
extension closed. In particular, any map from an indecomposable non-regular ob- 
ject to a (not necessarily indecomposable) regular object must have a co-cone with a 
non-regular summand. Therefore, if the semistable components are required to be reg- 
ular, then one cannot write down an HN filtration of an indecomposable non-regular 
object. Hence Definition 11.4( 3) is not satisfied, contradicting the assumption that 
($, {J2((p) | <p G $}) is a co-slicing. Hence R J2((f) for any (p G □ 

Proposition 6.3. Suppose ($, {£?(ip) \ ip G $}) is a non-trivial co-slicing of D b (KQ) 
with automorphism A : $ — > $. A co-slice J2(tp) has either one, two or countably 
many indecomposable objects. The possibilities are as follows: 

(i) If a co-slice J2(ip) has precisely one indecomposable object then ind £}(<p) = 
{Tj n N t } for some integers n and t. 

(ii) If a co-slice i?(y?) has precisely two indecomposable objects then ind =S(y?) = 
{£ n iVi, S n+P A^ +1 } for some integers n and t and some pGNU {0}. 

(Hi) If a co-slice J2((p) has countably many indecomposable objects then ind £?(ip) = 
{Y, n N t | n G Z} for some integer t. 

Proof. Suppose ($, {=S(y?) | y? G $}) is a non-trivial co-slicing of D b (KQ). By Proposi- 
tion [2H] a non-empty co-slice =2(y?) is either stable under suspensions or partial silting. 

Let Q G J2(<p). Proposition 16.21 implies that Q decomposes into a direct sum of 
indecomposable non- regular objects of D b (K.Q). Without loss of generality we may 
assume that Po is a direct summand of Q. 



If J2(<p) = add(P ) then we are in case (i) of the proposition and we are done 



So suppose that J2((f) ^ £=S(y?) and there is an indecomposable non-regular object 
Po X G =S(y?)- Examining the various possibilities for X, we obtain that X is 
precisely one of £ l Pi for some i ^ or T,~il for some j > 0. Note that we cannot add 
any further indecomposable non-regular objects since we require that i?(y5) is partial 
silting. (See, for example, [1J for a list of silting sets of the Kronecker algebra.) Hence, 



ind J2((p) belongs to item (ii) of the proposition. 

Now assume =S(y?) = £J2(yj), then we have {£ n Po I n £ Z} Q Suppose 
that there is a non-regular indecomposable object X G =2(y?) which is not equal to 
any (de) suspension of Po- Then, taking appropriate (de) suspensions we obtain that 
P G =2(y?) for some t > or E -1 ^ G =S(y?) for some t ^ 0. If P t G =2(y?), then there 
is a distinguished triangle 



P®*" 1 -> Pf -> P -)• EP®*- 1 , 

whence closure under extensions and direct summands yields Pi G =S(y?). Now P 
and Pi generate D 6 (KQ), so that =2(y?) = D b (K<5), contradicting the assumption that 
the co-slicing is non-trivial. Hence, we have =S(y?) = {£ n Po | n G Z}, putting us in 
Analogously if X is a (de) suspension of an indecomposable preinjective 



in. 



case 

module. □ 
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Lemma 6.4. Suppose ($, {J2(p) \ (p G $}) is a non-trivial essential co-slicing of 
D b {KQ) with automorphism A : <& — > Suppose, for some p E we have ind J2(cp) = 
{E n iV t , S n+ *A^ +1 } ; where n,t G Z and i ^ 0. Then the co-slicing is completely specified 
by: 

• $ = Z and A(</?) = <y9 + 1; and, 

• = add(£^/V t ,I^+ i /v m ). 

Proof. Without loss of generality, we may assume that ind £}(cp) = {Pq, £*Pi} for some 
% ^ 0. Compatibility of the linear automorphism A with the suspension functor forces 
the following linear order on p and its images under A and A -1 : 

(6) • • • \~ 2 {p) < \-\p) <p< \{p) < \ 2 {p) <■■■ . 

Now suppose that X ^ £™Po and X ^ £ n Pi for any n G Z. Suppose further 
that X G £}(ip) for some ip G $. Again, by taking appropriate (de) suspensions and 
relabelling ip accordingly, we may assume that either X = P t for some t > 1 or X — I t 
for some t ^ 0. If X = P t there are non-zero maps Pq — > Pt and Pt — > SPo- The 
first map implies that p ^ ip and the second one implies that ip ^ X(p), by Definition 
11.4( 1). Putting these together, we get p ^ X(p); a contradiction. A similar argument 
holds if X = I t for some t ^ 0. Hence, X cannot be semistable. 

Thus, the only co-slices are the (de)suspensions of £?(p). Hence, the linearly ordered 
set in © is all of $. □ 

The following corollary is straightforward: 

Corollary 6.5. Suppose ($, {<£(p) \ p G $}) is a non-trivial essential co-slicing of 
D b (KQ) with automorphism A : $ — > $. 

(i) If N t G J2(<p) for some <p G $, then the only possible semistable indecompos- 
able objects of any phase are precisely the (de) suspensions of N t -\ and N t +i. 
Moreover, at most one of N t -± and N t +± can be semistable. 

(ii) Proposition 1 5. ,21 gives a complete list of the essential co-slicings of D b (KQ) in 
which each co-slice contains only one indecomposable object. 

Theorem 6.6. Suppose ($, {&(p) \ p G $}) is an essential co-slicing of D fe (KQ) with 
automorphism A : $ — > $. Then ($, {M(p) \ p G $}) is coarser than one of the 
exceptional co-slicings $ p forp G NU {oo}. 

Proof. Suppose {&(p) \ <p G $}) is an essential co-slicing of D b (KQ) with auto- 
morphism A : $ — > $. In Proposition 16.31 we established all the possible forms for 
each co-slice. Suppose each co-slice contains only one indecomposable object. Then 
by Corollary 16.51 it is one of the exceptional co-slicings <S P constructed in Proposition 

El 

Now suppose there is a co-slice with two distinct indecomposable objects. Then by 
Lemma 16.41 the co-slicing is given by 

• $ = Z and \{p) = p + 1; and, 

• &(<p) = add(S^A" t , EV+P^Nt+i) for some p G N. 
Define a map r : S p = Z x {0, 1} — > Z by 

(n, 0) t— > n and (n, 1) i— > n — p + 1. 

This map is clearly surjective and it is easy to show it satisfies Definition I2.9( ii). 
Definition I2.9( iii) can be seen by noting for n G Z, we have r _1 (n) = {(n, 0), (n + p — 
1, 1)}. It follows that 

( |J ^(e))+ = add(S"iV < ,S^- 1 iV m )=^(n). 

e& — 1 (n) 
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Hence, the co-slicing ($, \ (p e $}) is coarser than the exceptional co-slicing 

(4,{^)|^G$}). 

The final case to check is when a co-slice has infinitely many indecomposable objects, 



i.e takes the form (iii) in Proposition 16.31 Suppose that one co-slice has the form 
add(£ n iV t |neZ) for some t E Z. Then either 

(a) there is only one other co-slice, without loss of generality we may assume it to be 
add(E n N t+1 \n e Z); or 

(b) there are countably many other co-slices, without loss of generality, we may as- 
sume them to be add(£ n iV t+ i) for jigZ. 

We shall show that in both cases they are coarser than (the same) exceptional co-slicing 
of D b (KQ). In case (a), the co-slicing is specified by 

• $ = {0, 1} and \((p) = <f] and, 

• ^(0) = add(£ n iV t | n e Z) and = add(£ n iV m | n e Z). 

One can then easily check that r : = Z x {0, 1} — > {0, 1} defined by (n, i) h- > i is a 
surjective map satisfying conditions (i), (ii) and (iii) of Definition 12.91 
In case (b), the co-slicing is specified by 

• $ = ZU{oo} with n < oo for all n e Z. The linear automorphism acts as 
A(n) = n + 1 for n e Z and A(oo) = oo; and, 

• ^(n) = add(£ n AVt-i) for n e Z and ^(oo) = add(£ n iV t | n e Z). 

Again, one can easily check that r : cfoo = Z x {0, 1} — > Z U {oo} defined by 

(n, 0) i — y oo and (n, 1) i— )■ n, 

is a surjective map satisfying the conditions of Definition 12.91 

Hence, each co-slicing of D b (KQ) is coarser than one of the exceptional co-slicings 
of Proposition 15.21 □ 

7. Classification of co-t-structures in D b (KQ) 

In this section we use Theorem 16.61 together with the exceptional co-slicings of 
Section [5] to obtain a classification of the co-t-structures in D b (K.Q). Note that we 
obtain all co-t-structures in D b (WLQ), not just the bounded co-t-structures. 

The co-t-structures in D b (KQ) are induced by the exceptional co-slicings of Propo- 
sition E3±l Note that Theorem 16.61 means that all essential co-slicings of D b (WLQ) are 
comparable with those of Proposition 15. 2[ As in Section we explain the classifica- 
tion only for the exceptional pair {P , Pi}. The other co-t-structures can be obtained 
analogously. 

The induced co-t-structures occur in four families outlined below, one bounded 
family and three unbounded families. 

7.1. The family of bounded co-t-structures. This family is induced by the min- 
imal co-slicings S p for p e N of Lemma I5.1( ii) and Proposition 15.21 The only way to 
partition <§ v as S~ U ^ with E- < e + for all e- e $~ and e + e is to choose an 
£o G 4 an d define S~ = {e \ e ^ Eo} and ^ = {e\e > Eq\. We get the co-t-structures 
(A(4),B (4)) defined by 

A(4):=(|J^)) + and B(4) := ( (J <3( e ))+. 

We indicate the case £q = (0, 0) and p = 3 on a sketch of the Auslander-Reiten 
quiver of D b (WLQ). The full subcategory A(^) is indicated by horizontal hatching □ 
and the full subcategory B(^) is indicated by vertical hatching 
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degree 



7.2. The families of unbounded co-t-structures. The remaining families are in- 
duced by the exceptional co-slicing with the linear ordering of Lemma 15.11 Re- 
call, the linear ordering is given by (n,i) < (m,i) for i G {0,1} and n < m, and 
(n, 1) < (m, 0) for any n, m G Z. 
We can cut this linear ordering in three different ways: 

(1) in the chain • • • < {n — 1, 0) < (n, 0) < (n + 1, 0) < • • • , in which case we get one 
of the co-t-structures described in Section 17.2. lj 

(2) in the chain • • • < {n — 1, 1) < (n, 1) < (n + 1, 1) < • • • , in which case we get one 
of the co-t-structures described in Section I7.2.2j and, 

(3) between the chains, i.e. we cut so those co-slices indexed by (n, 1) go in one half 
of the co-t-structure, and those indexed by (m, 0) go in the other, resulting in the 
stable co-t-structure in Section [7.2.31 

7.2.1. The subfamily of bounded below co-t-structures. The first subfamily is the family 
of bounded below co-t-structures, which we denote by (A(^ 5 C »'' ' ) ), B(<fjo'°' ) )), where 
(n, 0) denotes the cut-off described above. The co-t-structure is defined by 



A(<e 0) ) := ( |J and B^ )) := ( |J ^ 

£<(n,0) £>(n,0) 




degree 



7.2.2. The subfamily of bounded above co-t-structures. The second subfamily consists 
of the bounded above co-t-structure. These are denoted by (A(<d n,1) ), B(<fjo where 
the cut-off is (n, 1). Explicitly, these co-t-structures are given as follows: 

A(4 n ' 1} ) := ( lj ^ + and B (^' 1} ) : = ( U ^)) + - 

£<(n,l) £>(n,l) 

Below, we sketch (A(^ 0,1) ), B( f d°' 1) )): 




degree 
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7.2.3. The subfamily of stable co-t- structures. The stable co-t-structure (= stable t- 
structure), which we denote (A(# oc ), B^oo)) is defined by 

A(^oo) := ( |J £(e)) + and B(^) := ( |J J2(e))+. 

Where S~ = {(n, 1) | n G Z} and ^+ = {(n, 0) | n G Z}. We sketch the stable co-t- 
structure below. 





V 7Q> \} V 7© 




degree 



Theorem 7.1. TTie co-t-structures listed in Sections \ 7.1\ and \ 7. S\ are the only co-t- 
structures in D b (KQ). 

Proof. First note that by [91 Lemma 3.1(iv)], the co-heart C of a co-t-structure (A, B) 
is zero if and only if the co-t-structure is stable. By Example ll.5[ all stable co-t- 
structures are, in fact, examples of co-slicings, and in particular are coarser than the 
co-slicings of Theorem 16.61 an d hence the co-t-structures they induce occur in the list 
in Section [7.2.31 above. 

Now suppose C ^ and consider the possibilites for the size of the co-heart C. We 
must have |ind C| = 1 or 2, since C is partial silting, see [TJ Theorem 2.26]. If |ind C\ = 2 
then C is silting, indeed its indecomposable objects are even a full exceptional collection 
which is well-known to generate D b (KQ) (see [7j, for instance). Hence, we have a 
bounded co-t-structure. Example 11.61 now guarantees that we have all bounded co-t- 
structures in the list in Section 17.11 

Now suppose that ind C = {c}. Since C is partial silting, we may assume that c = N t 
for some t G Z. The argument of Proposition 16.31 shows that the silting subcategories 
containing Nt are add(iV t , EW t+1 ) for some i ^ and add(E J 'AT t _ 1 , N t ) for some j 
0. Thus, C = add(Aff) is an almost silting subcategory; consider the completion 
add(E J 'iV t _i, Nt) for some j ^ 0. This satisfies the hypotheses of Propostion I3.2( i). 
and hence the co-t-structure (A, B) is bounded above or below. 

Suppose (A, B) is bounded above: In this case S*(E 3 'iV t _ 1 ) G B for some % G Z, so 
by Proposition ICT i) E^E^-i) e B for a11 ^ G Z. By Corollary HQ] such a co-t- 
structure induces a co-slicing, which is then coarser than an exceptional co-slicing of 
Theorem 16.61 By Corollary 13.44 this co-slicing induces the co-t-structure (A, B), and 
hence this co-t-structure appears in the list in Subsection 17.2.21 

Now suppose that (A, B) is bounded below: In this case we consider the location 
of the object Nt+i instead. We have S fc A^ + i G A for some k G Z because (A, B) 
is bounded below. Now the object iV t+ i completes add(iVt) to a silting subcategory 
which satisfies the assumptions of Proposition I3.2( ii). In particular, it follows from 
Proposition I3.2( ii) that E fc iV t+ i G A for all k G Z. Using the dual of Corollary 13.31 and 
arguing as in the paragraph above shows that such a co-t-structure appears in the list 
in Subsection 17.2.11 □ 

8. The co-stability manifold 

In [TQl Section 8] the co-stability manifold, Costab(T) C K (J)* x Coslice(T), of 
co-stability conditions, (Z, £!), satisfying the technical separation condition (S) ( [TO] 
Definition 8.1]) was introduced. Note that here Coslice(T) refers to the co-slices of 
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Example 11.71 rather than the generalised co-slices of Definition 11.41 As such, by [TUl 
Remark 3.8], these co-slicings are not essential. In JTU1 Theorem 8.4], it was shown 
that Costa b(T) is a topological manifold of dimension 2n, where n = rank/<" (T). In 
this section we compute the co-stability manifold in the case of the Kronecker algebra. 
We have the following parametrisation of co-stability conditions on D b (KQ). 

Lemma 8.1. There is a bijection 

/:Zx{(x )? /)el 2 |x<t/}xR + xl + ^ Costa b(D b (KQ)). 

The quintuple (n,(pi,(p ,m 1 ,m ) is sent to the co-stability condition, (Z,J2), whose 
co-slices are given by 

£(<p ) = add(iV n ) and i%> x ) = add(iV n+1 ), 

and whose values of Z are determined by 

Z(N n ) = m exp(27r<y2 ) and Z(N n+ i) = rax exp(z7r</?i). 

Proof. It is clear that the assignment in the statement of the lemma determines a 
co-stability condition on D b (KQ). 

We shall show that a co-stability condition on D b (KQ) determines such a quintuple. 
Recall from [TUl Sections 5 and 6] that a co-stability condition is uniquely determined 
by specifying a bounded co-t-structure and a co-stability function on its co-heart that 
satisfies the split Harder-Narasimhan property. In addition, a bounded co-t-structure 
is determined by its co-heart. 

The co-hearts of the bounded co-t-structures can be determined easily from Section 
17.11 In particular, each bounded co-t-structure is uniquely determined by a triple 
(m,n,p) GZxZxNU {0}, where the triple (m,n,p) determines the co-t-structure 
with co-heart C(m,n,p) whose indecomposable objects are T J m N n and H m+p N n+ i. 

A co-stability function Z on C(m,n,p) is determined by the values 

Z(TrN n ) = m exp(zTr^o) and Z(E m+p N n+1 ) = m x exp(t Vi), 

with (p' ,<p[ £ (0) 1] an d Wo,mi E M+. Note that in the case that p = 0, we must 
have (p[ < <p' . Now, setting p = (p' — m and (pi = <p[ — m — p, we obtain a pair 
(<Pi, ip ) G M 2 satisfying ipi < (p . Together, these values give us the desired quintuple, 
thus, giving the desired bijection. □ 

Definitions 8.2. Let J be a co-slicing of D b (KQ). Write ss(=2) for the semistable 
indecomposable objects of the co-slicing £}. 

Let C(n) be the subset of Costa b(D 6 (KQ)) consisting of co-stability conditions (Z, J2) 
such that ss(«S) = {EW„, Y> j N n+1 \i,j e Z}. 

We now have the following lemma. 

Lemma 8.3. Let n E Z and consider f n : {(x, y) E M? \ x < y} x R + x K + — > C(n), 
given as in Lemma \8. 11 Then f n is continuous. 

Proof. Considering the composition of /„ with the canonical projections from C(n) — > 
Coslice(D 6 (IK(5)) and C(n) — > K (D b (KQ))*, one can easily see that /„ is continuous. 

□ 

Before stating the next lemma, we recall from [10J Definition 4.1] that there is a 
metric on the set of co-slicings given by: Let J2 and & be co-slicings, then 

d(£,&) = inf {e > | £{ip) C @([(p - e, (p + e}) for each up E R}. 
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Lemma 8.4. Let (Z, J2) and (W,M) be two co-stability conditions on D b (K.Q). (Z, J2) 
and (W,M) are in the same path component of Costa b(D b (KQ)) if and only if their 
semistable indecomposable objects coincide (possibly with different phases). 

Proof. By Lemma I8TT1 the co-stability conditions (Z, ££) and (W,&) are given by quin- 
tuples (n,(pi,(po,mi,m ) and (n', ip^, ip' , m^, m' ). 

If the semistable indecomposable objects of (Z, J2) and (W, M) coincide, then n = n'. 
It is clear that the ipi and m; can be varied continuously to obtain Lp[ and m! i for i = 0,1. 
Using Lemma IHUl one obtains that (Z, ££) and (W, 3?) lie in the same path component. 

Conversely, suppose (Z, £2) and (W, 3?) satisfy ss(=2) ^ ss(M) but lie in the same 
path component of Costab(D 6 (K<2)). Then there is a path tc : [0, 1] Costa b(D b (KQ)) 
from (Z,£) to (W,&). Write vr' : [0,1] ->• Coslice(D fe (KQ)) for the composition of vr 
with the canonical projection Costa b(D b (KQ)) — > Coslice(D fe (KQ)), and set £! t := n'(t) 
forte [0,1]. 

Since ss(J2) ^ ss(^), there exists t G (0, 1] such that ss(J2 to ) ^ ss(J2). If there is a 
smallest such t , then for each 5 > there exists t G [0, 1] such that \t — t \ < S and 
ss(^ t ) ^ ss(^ to ). Now D b (KQ) is Krull- Schmidt, so by [TQl Remark 3.8] there exists 
< e to < \ such that, for all ip G R, within each interval [ip — e to , <^o + £t ] there is 
at most one i?t (y?) ^ 0. Similarly, there exists < e t < \ such that, for all y?o £ R, 
within each interval [ip — e t , ip Q + £ t ] there is at most one £it(<p) 0- 

We claim that <i(J2 t , J?^) ^ e = mm{e to ,e t }. Suppose we have 

mf{e > | £ t ((p) C J2 t0 ([^ + e]) for each ^6t} = d(«St, J% ) < e to . 

This implies that if ^ <&t(<p) for some ip G R, then there exists ^ G — Et , <^ + £t ] 
so that 

In particular, ss(J2 t ) C ss(^ ). Analogously, if d(£t t , <@t ) < e u then ss(=2 to ) C ss(J2 t ). 
Thus, if d(£?t, <&to) < £ o, we have ss(J£?t) = ss(=Sf ); a contradiction. 

This now contradicts the continuity of 7r'. Thus, there is no smallest such to- 
However, in this case, for each 5 > 0, there exists t G (0, 1] such that t < 5 but 
ss(i£?i) 7^ ss(i2). Arguing as above, we obtain the same contradiction to the continuity 
of 7r'. Hence, we must have ss(=S) = ss(^). □ 

Theorem 8.5. The co-stability manifold ofD b (KQ) is homeomorphic to Z • C 2 . 

Proof. By Lemma 18.41 the subsets C(n) of Definitions 18.21 are path components of 
Costab(D b (KQ)). There are Z such components C(n), each determined by an inde- 
composable non-regular object N n . As such, we only show that each component C(n) 
is homeomorphic to C 2 . 

The map f n : {(x, y) G R 2 | x < y} x R + x R + — )■ C(n) in Lemma I8T31 is a continuous 
bijection. The inverse map g n : C(n) — >■ {(x, y) G R 2 | x < y} x R + x R + , given by 

(Z, «S) m- (ip u tp Q , \Z(N n+1 \, \Z(N n )\), 

can also easily be seen to be continuous. Hence f n : {(x,y) G R 2 | x < y} x R + x 
R + — > C(n) is a homeomorphism. Now, on the left hand side, the topological space 
{(x, y) G R 2 | x < y} x R + x R + is homeomorphic to C 2 . □ 

References 

[1] T. Aihara and O. Iyama, Silting mutation in triangulated categories; J. London Math. Soc. (2) 
85 (2012), 633-668. 



20 



PETER J0RGENSEN AND DAVID PAUKSZTELLO 



[2] I. Assem, D. Simson and A. Skowronski, "Elements of the Representation Theory of Associative 

Algebras, Vol 1: Techniques of Representation Theory"; London Mathematical Society Student 

Texts 65, CUP, Cambridge, 2006. 
[3] M. Auslander, I. Reiten and S. O. Smal0, "Representation theory of Artin algebras"; Cambridge 

studies in advanced mathematics 36, CUP, Cambridge, 1995. 
[4] A. A. Beilinson, Coherent sheaves on P" and problems of linear algebra; Funct. Anal. Appl. 12 

(1978), 214-216. 

[5] M. V. Bondarko, Weight structures vs. t-structures; weight filtrations, spectral sequences, and 

complexes (for motives and in general); J. K-theory 6 (2010), 387-504. 
[6] T. Bridgeland, Stability conditions on triangulated categories; Ann. Math. 166 (2007), 317-345. 
[7] A. L. Gorodentsev, S. A. Kuleshov, and A. N. Rudakov, t-stabilities and t-structures on triangu- 
lated categories; Izv. Ross. Akad. Nauk Ser. Mat. 68(4), 117150 (2004) (in Russian); translation 
in Izv. Math. 68(4) (2004). 
[8] D. Happel, "Triangulated categories in the representation theory of finite dimensional algebras" ; 

London Mathematical Society Lecture Note Series 119, CUP, Cambridge, 1988. 
[9] T. Holm, P. J0rgensen, and D. Yang, Sparseness of t-structures and negative Calabi-Yau dimen- 
sion in triangulated categories generated by a spherical object; Bull. London Math. Soc, in press, 
doi:10.1112/blms/bds072 (2012). 
[10] P. J0rgensen and D. Pauksztcllo, The co-stability manifold of a triangulated category; to appear 

in Glasgow Math. J., in press, doi:10.1017/S0017089512000420 (2012). 
[11] B. Keller and D. Vossicck, Aisles in derived categories; Bull. Soc. Math. Belg. 40 (1988), 239-253. 
[12] O. Mendoza, E. C. Saenz, V. Santiago, and M. J. Souto Salorio, Auslander- Buchweitz context 

and co-t- structures, Appl. Categor. Struct., in press, doi:10.1007/sl0485-011-9271-2 (2011). 
[13] S. Okada, Stability manifold off 1 ; J. Algebraic Geom. 15 (2006), no. 3, 487-505. 
[14] D. Pauksztcllo, Compact corigid objects in triangulated categories and co-t- structures; Cent. Eur. 
J. Math. 6 (2008), 25-42. 

[15] D. Simson and A. Skowronski, "Elements of the representation theory of associative algebras, 
vol 2: tubes and concealed algebras of Euclidean type"; London Mathematical Society Student 
Texts 71, CUP, Cambridge, 2007. 

School of Mathematics and Statistics, Newcastle University, Newcastle upon Tyne 
NE1 7RU, United Kingdom 

E-mail address: peter.jorgensen@ncl.ac.uk 

URL: http : //www .staff . ncl . ac . uk/peter . j orgensen 

Institut fur Algebra, Zahlentheorie und Diskrete Mathematik, Fakultat fur Ma- 
thematik und Physik, Leibniz Universitat Hannover, Welfengarten 1, 30167 Han- 
nover, Germany 

E-mail address: pauk@math.uni-hannover.de 

URL: http: //www. iazd.uni-hannover.de/~pauksztello 



